Tema 1.
lpaHMUA Ta HenepepBHICTD

byHKuii

Ypok 10. OgHocTopoHHi rpaHmui PpyHKLUii B TOULI.
Toukm po3pmBy

POBOYMM APKYLL

(Moe iM's1)
|. OuikyBaHi pe3ynbTaTi HaB4a7ZIbHMX OCATHENDb
Ha ypou,i Bu:
1) BUBUYMTE O3HAYEHHA NiBOT (NpaBoi) rpaHuLi GYHKLT B TOYL;
2) 3po3yMmi€Te, L0 TaKe TOYKa PO3PMBY Ta HaBUYMTECS POOUTK iXHIO rpadivHy intocTpalito;

3) HaBuYNTECA BUKOPUCTOBYBATU Ha6yTi 3HaHHA ANnA pO3B’F|3yBaHHFI NMPAKTUYHUX 3a4au.

ll. NoBTOpPEHHS

. . 1
1. OOGuuciTh rpaHumo lim (—xz + 1].

x—>-4\ 2

. . x—Ax
2. OO0uwmcmiTh rpasuio lim \/_

x—1 \/;_1

3. Ywu mae rpaswuino pyHrisa f(x) = {

x®+4,x<2 )
) B TOUIIl X, = 27
5x°, x > 2

1

Jet—x-20

5. Ywue pyurmsa f(x)=|x +2| HemepepBHOIO B TOYII X = —27

4. 3BmaigiTe obsacTh BusHaveHHs QYHKINT f(x) =

l1l. pagivna intocTpauis niBoi (NpaBoi) rpanmub GyHKUiT B TOYL

2x -1, x <2,
0,5x +1, x > 2.
IToOymyemo i rpadix (IUB. PUCYHOK).

Hexait sagano dyHKII0 f(X) = {

14



A 32 = O A A R B 4SS BT

)

3 rpadira BugHO, 110 pyHKINA f(X) He Mae IpaHHIIl B TOYII X = 2.

IIpote, akimo posriaayT QyHKINI g(x) = 2x— 1, x < 2 ta h(x) = 0,5x + 1, x > 2, To 6auumo,
III0 B TOYIIL X = 2 PYHKIIIA (X) Mae IPaHUIO, SKa JOPIBHIOE 3, a PYyHKIIA A(X) Mae TpaHHUILIO,
sIKa JIOPIBHIOE 2.

IM'pauawnito pyHrmni g (x) B ToUIll X = 2 IIPUPOIHO HA3BATH JI1BOIO a00 JIIBOCTOPOHHBOIO I'pa-
HuIen QyHKINI f(X) B Toulll x = 2, a rpaHuIio QyHKINI A (x) B ToUIl X = 2 HA3UBAIOTh IIPABOIO
a00 IPaBOCTOPOHHBOI IPaHUIe0 PYHKINIT f(X) B TouInl X = 2.

IV. O3Ha4eHHs niBoi (NpaBoi) rpanmui GyHKUii B Touui
(0ozHOCTOPOHHIX rpaHMLb)

O3nauennsa. Yucno a HasuBawTh J1i6010 (npaeor) eparnuuero hyurkuii [y mouui
X,, AKIIO JJIs1 OyIb-AKOI 301:KHOI 10 X, TOCIIIOBHOCTI X,,X,,...,X,,... 3HAYeHb apryMeH-

Ty yHKII f, eqeMeHTH X, AKoi MeHmm (OLIbIIl) BT X, BLIIOBLIHA IIOCJIIOBHICT
f(x,).f(x3),....f(x,),... 3HAYeHD dyHKIII] 36iraeThes 10 YUCIA Q.

JIiBy rpanuino GyHKINI f(x) y ToUIl X, M03HAYA0Th lim f(x).

X=Xy~

IIpaBy rpanunmio dyHKII f(x) y Toull X, Ho3Ha4Yao0Th lim f(x).

XX+
JIiBy Ta npaBy rpaHuill pyHKINI B TOYIN HA3UBAIOTH 00HOCIMOPOHHIMU 2P AHUUAMIL.
. . 2x —1,x < 2,
Bigmosiguo mors pyuwimi f(x) =
0,6x+1,x > 2

Iim f(x)=3, limj(x) =2.

X=Xy~

15



x? -1

Mpuxnan 1. [lobynyiite rpadix dpyurmi f(x) = Ta 3HAWUJITH JIBY 1 IIpaBy T'PaHUILL

miel pyHKIni B Tourr x = 1.

Pozs’azarnHA.

X
1 2 3 4 5

2 — —_—
lim £(x) = lim 5L = 1im EDED i1y = 2.
x—1- x=l- x — 1 x—1- x — 1 x—1-

2 — —
lim £(x) = lim =% = lim E=DEFD i1y =2,
x—1+ o1+ ¢ — ]_ x—1+ X — 1 x—1+

Bionosiow. 2.

|

Mpmiknan 2. [ToGyayiite rpadik dyHKIl f(x) ="— Ta 3HAWIITH JIBY 1 IpaBy TPAHUII ITi€l
x

JyukIi B Tour x = 0.

V. OnHovacHe icHyBaHHA 7iBOI Ta NpaBoil rpaNmub yHKLUii B TOYLI

Teopema. SIxkmo B To4mi x, 1iBa i mpaBa rpanuni ¢yHKnii icHy0TE i piBHI, TO
B I[il1 TOYIll icHy€e rpauunsa (PyHKIil, SKa JOPiBHIOE JIiBiM i mpaBiil rpaHUIAM.

Llosedenns. 3a 03HAUEHHAM JIBOI 1 IPaBOi I'PaHUIb [1JIs Oyab-AK0I 3013KHOI 10 X, IOCJi-
JOOBHOCTL X,,X,,...,X,,... 3Ha4eHb apryMeHTy (DyHKIII] f, eJleMeHTH X, AKO0I MeHIIT a60 OLIbII
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Bix x,, BigmoBigua mocmigosuicts f(x,),f(x,),....f(x,),... 3HAaUeHs dyHKuil 36iraeTses 1o
JIeIKOr0 YUCIa d.
Omxe, mocmimosricts f(x,),f(x,),....,f(%,),... 3biraerbea go umena a mpu Oyab-akii
3013k HII 10 X, HOCTITOBHOCTIL X,,X,,...,X,,..., 0 i Tpeba OysI0 qoBecTH.
I3 o3Hakm HemepepBHOCTI PYHKIII B TOYIIl CJIIIy€e TaAKe TBEPIKeHHI:
Axrro lim = lim = T HKI[SA Hel BHOIO B TOYIII X,..
”I"waf(x) H0+f(x) f(x,), To dbyHKIia f(x) € HeIlePEPBHOIO B TOYII X,
x*+2,x<0

Mpuxnan 3. Jlocaigite dyHEI0 f(X) = Ha Hellepeps-
x+1,x>0

HICTBH Ta TIo0yayiiTe 1 rpadik.
Pozé’szarHs.

fip £ () = Jim (x* +2) = 2.
lim f(x)=lim(x+1)=1.

x—0+ x—0+

OyHKINA He € HellepepBHO B Toulr x = 0.

VI. Toukm po3pusy

Osznavennsa. Skmo icHyc IOCTITOBHICTE BIAMIHHMX BiJ X, 3HaUeHb apryMeHTy (yHK-
1mii f(x), ika 30iraeThes 10 X, 1 YHKITA f(X) y TOUIIl X, He € HellePepPBHOIO, TO ITI0 TOUKY
HA3WBAIOTh MOYKO0I0 po3pusy pynruii f(x).

VIl. TpadiyHa intocTpauis To4oK po3pmBy

Hagenemo nmexkinbka pi3HUX IIPUKJIATIIB TOUYOK PO3PUBY.
1) Toura x = —1 € TouKoI0 Po3puBY PYHKIMI f(x), rpadik SKoI 300paskeHN Ha PUCYHKY.

I
w

I
=

=)
’_&.—
N
¢
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2) Rosxxna Touka Buny x, =k, k € Z, € TO4K0I0 po3pUBY (PYHKIII y = [x] (IMB. PUCYHOK).

yA
—0
—0
1 —_—0
0 1 e
—_
—0

2
x”, x<1, . . .
3) Toura x = 1 € TOYKOI PO3PUBY (PYHKINT Y = rpadik sSKoi 300paskeHuit Ha
x+1, x>1,
PHUCYHKY.
y=x?
1 4
3 2 -1 0 1 2 3 x

4 @ ) lxl+x . i 306 220

) OyHKINA Yy = 7 rpadik axoi 300paskeHo HA PUCYHKY, Mae po3puB B Toulrl x = 0.

7

L)
-

x* -1, x <0,
Mpuknan &. ocaigite dyrKImo f(x)={2x-x°,0<x <2, Ha HelepepBHICTH 1 300pa3iTh
x—2,x>2.
CXeMATHYHO I'padik PyHKINH B OKOJIAX TOYOK PO3PHUBY.

Posenzanma. lim f(x) = grg}(xz —1) =-1, limf(x)=1lim (2x —xz) =0.

x—0+ x—>0+
OcKlIBbKH lirg{ f(x) # lirgl f(x), To dpyHKITIA B Toulll X = 0 Mae pO3PUB.
. 1 _ 2\ _ . R E _ .
fim /() = limp (2 =2) =0, lim £ (x) = lim (+~2) =0.

Xoua lim f(x) = lim f(x), mpore 3HaYeHHS (PYHKINI B TOYI[l X = 2 He ICHY€, OTKe B I
x—2— x—2+

TOYIIl PYHKI[SA MA€E PO3PHUB.
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x> +2x -3

Mpuknan S. Jlocainite pyHKIio f(x) = 1 Ha HeIepepBHICTH 1 300pa3iTh CXeMaTH4-

: X
Mpuinag 6. JloBusnaure QyHKITIO Y =

HO Tpadik PYHKITH B OKOJIAX TOYOK PO3PUBY.

B TOYI[l PO3PHUBY TakK, 1100 BOHA CTaJIa Helle-

PEPBHOIO.

2 2
Pose’nzanna. lim 2—% — lim(x -1) = 1. lim >X—% = lim(x -1) = -1.

x—0— X x—0- x—0+ X x—0+

2

. X . c o .. .
(I)YHKLHH y= HEeBHU3HaA4YEHa B TOYIIl X = 0, aJie Mae€ B IT11 TOYII1l P1BH1 OJHOCTOPOH-

X
H1 rpauni. Orxe, qocuth mokaacty f(0) = —1, mob GpyHKINA cTaia HellepepBHOI.

x?—x

T x=0,
f(x)= X

-1, x =0.

x?—x

Bionosios. f(x)= X
-1, x=0.

,x =0,

19



VIll. Po3Bs’a3yBaNHA NpakTM4HOI 3azadi

flk a1 BMpiWIYyIO NeBHy Npo6nemy?

3aga4a. ABTOMOOLIbL pyXaeTrhes 10 cBiTiiodopa. Y momeHT yacy ¢ = 20 (4ac BUMIpIOEThCS
B CEKYH/IaX) CBITJIOQOP 3MIHIOE CUTHAJI, 1 BOIH P13KO0 3MIHIOE peskuM pyxy. Jlo MoMmeHTy
t = 20 aBTOMOOLJIb PIBHOMIPHO rajJIbMy€, 1 HIOr0 IIBUIKICTH IIOCTYIIOBO 3MEHIIIYEThCS.
Y momenT t = 20 B1AOyBaeThCsI MUTTEBA 3MIHA PEKUMY: BOIHM opa3y HaTHCKae Ha ras.
IMIBraKicTs aBTOMOOLIA onHCyeThesA pyHKITIEIO U(f) (IIBUAKICTH BUMIPIOETHCSA B KlJIOMe-

20-t,0<t <20, . . .
Tpax 3a roaumy): v(t) = 3HaiITE JIBY Ta IIpaBy I'PAHUIIL IIBUIKO-
5++t—-20,t>20.

cti pu ¢ = 20. 3’acyiiTe, uu icHye rpauusg QyHKIN v(f) B Tour ¢ = 20.

IX. TpenyBanbHi BnpaBu. Tpu piBHi cknagHocTi: A, B, C

Pisenb A
1. HasBirs Toukn po3puBy QyHKILII:
5 x+3
1 = — ; 2 = .
) y=- ) V=

2. Ilobynyiire rpadik d)yHR]_l;.l'l' f(x) Ta ,F[OBG,I[lTB, 110 (bYHKITIA Ma€e PO3PUB B TOYIIL X, BUKO-
PHCTOBYIOYH OLHOCTOPOHHI I'PAHMIILL:

x+1, x>0 lx;«tO
D fx)={", """ x,=0; 2) f(@)=1x" " x,=0.
x°, x <0,
0, x=0,

3. 3a momomoromo rpadika yHKIN f(x) (TUB. pUCYHOK) 3’scyiiTe, un Mae PYHKINSA f(x) giBy
(IpaBy) TPAHUINO B TOUIIL X,. ¥ a3l HO3UTHBHOI BIATIOBIIL YKAMKITh SHAYCHHS ITlel TPAHUII].

<
e e
w =
-

«

-

e g e --

P
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50

30

60

3HaiaiTh JiBY ¥ IpaBy TPAHUIl PYHKINI y TOYIT X,

D f@ =" 5, =-3; 2) f(x)=£j,

JlocmiaiTe Ha HellepepBHICTH Ta MOOYAyiTe cXeMaTUIHO rpadik QyHKITIT

3 x—2,x<3
J 6-x,x>3

X

2_
x,=1.
x+3 0

Ha pucynky 3so0paskeHo rpadik 3aJIesKHOCTI V. e
00’eMy KyCKa CBUHITIO BiJl TeMIlepaTypu Harpi-

1088 ceemmmeeen oo
BaHHA. Y e 114 3aekHicTh pyukinen? Yu mae C /

) ) 1067 -------------
dyuKIa Touku po3puBy? Hapemite mpuxiagu

IHIITUX PO3PUBHUX (PYHKIIIH, IO OMHUCYIOTH (i-

. .. 1030
3WYHI Ta XIMIYHI1 IIPOIIECH.

Pisenn B

[ToOymytiTe rpadik pyHKINI Ta 3HAKTITE JIiB1 ¥ Ipasl rpaHuIll PYHKIII B TOYIN X = 2:

1
R 2 fx)={z-1 "7

lc—dl, x>2; x—1, x<2.

) ) 1+x .
YeraHoBITE UM € PYHKINST Yy = —3 HeIIePEepPBHOIO B TOYIIl X = —3 TA BU3HAYTE, YN Mae
X+

yHKITISA JTIB] ¥ TpaBl TPAHUII B I[1H TOYIIl Ta 3HANIITH iX.

x> +4x+4

i

. . X # .
YceranoBIiTE UM € PYHKINA y = x+2 ’ HeIlepepBHOIO B TOYII X = —2 Ta BHU-

3, x=-2

3HAUTe, YK Mae (PYHKIT JIiBl ¥ IIpaBl TpaHuIll B II1H TOYIIl Ta 3HAKIITH IX.

JlocmimiTh (pyHKINO Ha HeIIepepBHICT 1 3HANITHL 3HAYEHHA (PYHKIII B TOYIIl PO3PUBY:

x+3, x <-2,
f(x)=4x*-2<x<2,
X +6, x> 2.
[ToGynyiiTe rpadik dpyHKINT 1 3HAKIITE 3HAYCHHS PYHKIII B TOYUKaX PO3PHUBY:
x+5, x<-1,
1) f(x)=4x*+3,-1<x<2, 2) f(x):{
3x -5, x >2.

x+3,x>0,

x—1, x <£0.

500 t °C

ITobynyiire rpadik yHKIII f(x) Ta M0BEAITh, 0 DYHKIIIA Mae PO3PUB B TOUIIL X,

PHCTOBYIOYH OIHOCTOPOHHI TPAHMIIL:

1
. T Oa
1) f(x) = sign(x +1), x, = -1; ) fx)=1x2 7" x,=0.
1, x=0,
BualgiTh JiBy # mpaBy rpaHuIl QyHKIII f(x) y TouIl X,:
1-cos2x x+ | x|

1) f(x): . Xy =T 2) f(x): ,x0=0.

sinx X

21
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8. JlocmigiTh HA HemepepBHICTD TA IMOOYAyITe CXeMAaTUIHO rpadik PyHKITII:
1)y={ x%,x <3, 2)y:{él—xz,x<2,
x+6,x >3, -1,x > 2.
9. 3a momomorom rpadikis QyHKINN (IUB. pPUCYHOK) YCTAHOBITE:
1) aK1 pyHKITII MAIOTh JIIBY ¥ IIpaBy TPAHUII B TOYII X = 2;
2) 3HAUIITh TPAHUITIO (PYHKITII B TOUIIl X = 2, AKIIO BOHA 1CHYE.

v yh Tl Y\ : |
| |
a,‘\/ 2t ‘,'/ LT Lo
AN . LT T
O 2 [ |'Xx 2 X

0 P %

[
- N

<l

a) 0) 8)

10. 3mHaiigiTh OJHOCTOPOHHI IrpaHUIll QPYHKIN f(x) B Tour x = 1:

—2x+3, x <1, x2 -1
1) f(x)= 2) f(x)= .
) (@) {3x—5,x>1 ) 1) lx—1]
11. 3HaigiTh OOHOCTOPOHHI IPAHUII B TOUKAX PO3PUBY:
3 > O
2x* -1,x <1 XX =1
1 f(x)= T 2) f(x)=
x—4,x >1; 2i,x<0.
X

12. {Ixi 3 HaBeneHUX TBEPIKECHD € IIPABUJILHAMU:
1) HerlepepBHA (PYHKIIA Mae TPAHUINIO B KOMKHINA TOYI[l 00J1aCTl BU3HAYCHHST;
2) HemmepepBHA PYHKINSA MOKe He MaTHU IPAHUIlN B JedK1H TOYIll 00/1aCTl BU3HAYEHHST,
3) yHKIIIA € HellepepBHOIO B TOUIIL X, TOAI 1 TITTBKH TOJI1, KOJIA 113% fx)=f (xo);

4) pospuBHA PYHKIIIS He Mae IPAHUII B TOYI[l PO3PUBY;
5) pospuBHaA PYHKINSA MOKE MATH I'PAHUINIO B TOYIIl PO3PUBY;
Pisenb C
1. 3maiiniTe JiBYy I npaBy rpaHui QYHKRINI f(x) y TOUIN X,
1
x <0,

1) f(x)=sin|x|ctgx,x, =0; 2) f(x)=4x’ x,=0.
ctgx, x >0,
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50

[Tpu AKHX 3HaYeHHAX IapaMmerpa a GyHKIIA f(x) y TOUIN X, Mae PiBHI JIBY Ta IIpaBy
rpaHuin?

x}x>2,

x+a, x<2,

1
xcos—, x <0,

D f(x) = x %, =03 2) f(x)={

x+a, x>0,

x, =2.

0

Yu icuye Taka BuaHaveHa Ha R Qyuxmia f(x), mo rpapmmsg lim f(x) icHye mis BCix
XX —
x, € R, ane rpanunga l_i)m+ f(x) He icHye mpuHANMHI JJ1g OTHOTO X,?
X=X,
Yu icuye Taka BusHauveHna Ha R dynximis f(x), mo lim f(x) =-1 gas Bcix a <0 1 opu
x—a—
IIOMY lirgl f(x)=1 npuascix b>0 ?
x—b+

JlocaimTes PyHKIIO HA HEIIePEePBHICTD Ta IO0yayiiTe CXeMAaTHYHO rpadik pyHKIni:

—x,x <-1,
: 1 <rg0 x%,x <0,
x°,-1<x<0,
1) y= 2) y=3(x-1)%,0<x <2,
x,0<x <2,
3—x,x>2.
2,x > 2;
JlocaimiTh pyHKITIIO HA HEIIEPEePBHICTD Ta IMOOYIyiTe cCXeMaTHYHO rpadik pyHKITIT:
cosx, x<0, —-x, x<0,
1) f(x)=4x*+1,0<x <1, 2) f(x)=1—(x-1)*,0<x<2,
x, x2>1; x-3, x2=>2.

Teopue zasdarns. CropiTh IHGOrpadgiky adbo IpeseHTaIlo Ha TeMy: «fIKk KoMIrorep
“OaumnTh’ OJTHOCTOPOHHI T'PAHMUILD.

Pednekcis. «[Mntoc-Minyc-LikaBruHka»

(1) 1110 OYJIO BPOBYMIIIEIM: . o v v v e e vttt e e et e e et e e e et e e ettt e et e

Morknmei Temm npoexTie

OHOCTOPOHHI I'PAHUITL K IHCTPYMEHT OITHCY PI3KO01 3MIHU IIPOIIecy.
IloBeminka KyckoBO-3agaHuX (PYHKIIN ITO0IM3Y TOUKHU PO3PUBY.

MogenoBaHHS peaJbHUX IIPOIECIB 34 JOMOMOT0I0 KYCKOBO-3aJaHUX PYHKIH 3 PO3PH-
BAMM.

PoJis ogHOCTOPOHHIX IPaHUILL Y (pOPMYBAHHI IIOHATTS HEIePePBHOCT1 PYHKITII.

MaremaTuuse IIOSICHEHHS “pI3KUX IepexomiB’ y IPUKJIATHUX 3a7a9ax.
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